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Critical behavior of magnetic films in the Ising model
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The Curie temperatureTC( l )for Ising spin films calculated analytically as a function ofl , the number of
monolayers in the film, is compared with available data. When the exchange coupling between nearest neigh-
boring pairs is assumed to be uniform, the normalizedTC( l ) is generally higher than what is observed,
especially in the dimensionality crossover region in whichTC( l ) increases withl much too fast. To reproduce
the experimental data measured by various groups on ultrathin Ni films in~001! orientation, we calculate the
normalized transition temperatureTC( l )/TC~bulk! to fourth order in the variational cumulant expansion for a
face-centered-cubic lattice with variable anisotropic exchange couplingJi j . It is shown that the data can be
very well described by adjustingJi j for a few monolayers near the surfaces. The results are consistent with the
finite-size scaling law outside the region of dimensionality crossover, providing a clue to the number of
monolayers influenced by the presence of surfaces.@S1063-651X~97!12709-X#

PACS number~s!: 64.60.Cn, 75.70.-i, 05.50.1q
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I. INTRODUCTION

Advances in material growth technique such
molecular-beam epitaxy and scanning tunneling microsc
have prompted much research in recent years on thin fi
heterostructures, and superlattices of various crystalline
ids. The study of physical properties of solids as the dim
sionality reduces is in general not only of fundamental int
est but also of technological importance. In particul
studies of ultrathin magnetic films have revealed a numbe
novel phenomena that would not have been expected in
ther the three-dimensional~3D! or two-dimensional~2D!
case@1–6#. Of particular interest is the critical behavior o
magnetic films, from which one can explore and test
universality hypothesis.

Experimentally, there has been a great deal of work on
measurement of Curie temperatureTC and critical exponents
of thin magnetic films@7–17#. TC as a function of the film
thickness for magnetic materials is reported, and various
ponents are investigated. Theoretically, magnetic films
heterostructures are mostly treated either by numerical s
ies @18,19# or in the mean-field approximation@6#. A new
approach to the critical temperature of Ising films has b
proposed recently@20#. For the first time,TC( l )was calcu-
lated analytically to any order of accuracy in the variation
cumulant expansion~VCE!, wherel is the number of mono-
layers in the film.

The theory is general enough that Ising spin films w
different lattice structures can be treated as well. It is fou
that TC depends strongly on the lattice structure due mai
to the coordination number@21#. The larger the coordination
number, the higher the Curie temperature is for the same
thickness, which is qualitatively consistent with the we
established statement that adding more coupling bonds l
to higher TC @22#. The anisotropic exchange coupling an
561063-651X/97/56~3!/2805~6!/$10.00
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next-nearest-neighbor~nnn! interaction can also be handle
by this theory without difficulty@23#. It is demonstrated in
Ref. @23# that a slightly weaker interlayer coupling streng
J'than the intralayerJi may result in a significant decreas
in TC . On the other hand, an inclusion of a rather weak n
interaction can increaseTC appreciably.

When the theoretical transition temperatureTC( l ) for
films of a face-centered-cubic~fcc! lattice from Ref.@21# is
compared with experimental data measured on ultrathin fi
of Ni~001! grown on the Cu~001! substrate and Ni~111! on
W~110! and Re~0001! @24#, it is observed that the theoretica
TC( l ) is generally higher than the data. More importantly,
rises too fast with increasingl in the region of dimensional-
ity crossover. This is mainly because exchange coupling
assumed in Ref.@21# to be uniform throughout the film
Since the exchange coupling near surfaces is expected t
weaker than in the bulk, and the intraplane coupling is g
erally stronger than interplane coupling in a thin film, w
calculateTC( l ) of fcc films by allowing variable anisotropic
coupling strengths. It is shown that the experimental data
fcc Ni~001! films can be reproduced. The magnetization
Ni~111! is in-plane anisotropy, and hence is not described
the Ising model.

It has been pointed out in the literature that the cu
symmetry of the fcc lattice is broken near the film surfac
resulting in uniaxial anisotropy, and this effect is stronger
thinner the film @25#. Thus it may be justified to treat th
ultrathin fcc Ni films of l<6 by the Ising model. In fact it
was argued a long time ago by Ne´el that the surface-induce
anisotropy is of the easy-axis type@26#. His conclusion was
supported by numerical calculations on the ground state
iron film on copper substrates@27#, implying that for Ni~001!
the magnetization should be normal to the film.

We review the theory in Sec. II, in which the continuity o
higher-order internal energy at the critical point is also d
2805 © 1997 The American Physical Society
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cussed. In Sec. III we discuss briefly how the results obtai
for uniform magnetic films can be improved to account
experimental data. The modification of the method for
treatment of films with variable exchange coupling is o
lined in Sec. IV, where a comparison of our results w
experiments is also presented.

II. THEORY

The actionS for an Ising spin system is

S52
1

s2(
^ i , j &

Ji j

kBT
si

zsj
z

5
1

kBT
X, ~1!

where the sum is over nearest-neighbor pairs only. The
action is assumed to be

S05
1

s(i
j isi

z , ~2!

wherej is introduced as a variational parameter. The pa
tion function for the system is

Z5e2W

5( eS

5( eS2S0eS0

5Z0^e
S2S0&0 , ~3a!

whereW stands for the free energy, and the Boltzmann
semble average is defined as

^ &05
1

Z0
(
t i

~ !exp~j i t i !. ~3b!

For a noninteracting system, the free energy isW0
5N ln(coshj), where N denotes the number of lattic
points. The corresponding partition function is then

Z05e2W0. ~3c!

From Eqs.~3!, we find the free energy

W5W02 ln^eS2S0&0

5W02 lnF11 (
n51

`
1

n!
^~S2S0!n&0G

5W01 (
v51

`
~21!n

n
F (

n51

`
1

n!
^~S2S0!n&0G n

~4!

by expanding the exponential and logarithmic functio
Equation~4! takes a much simpler form by introducing th
VCE. Up to the orderm, we have
d
r
e
-

al

i-

-

.

W'W02 (
n51

m
1

n!
^~S2S0!n&c

5Weff,m , ~5!

where the subscript̂ &c denotes the cumulant average ov
the Boltzmann weighteS0. The relation between the two av
erages of a quantity can most easily be established by a c
parison of the corresponding terms in expansions of Eqs.~4!
and ~5!.

For simplicity, we consider a uniform spin-1
2 film with

Ji j 5J andj i5j. It is noted that the formalism is completel
general, and can be applied to Ising systems with differ
spin values and with spatial dependentJi j ’s. The first-order
free energy is then

1

N
Weff,152 ln~2 coshj!2

d

Q
y21jy, ~6a!

y5tanhj, ~6b!

where Q5kBT, and d stands for the dimensionality. By
minimizing the free energy, we find

tanhj5
Q

2d
j, ~7!

which determines the variational parameter.
The solution of Eq.~7! depends on the slopeQ/2d of the

straight linez5jQ/2d, and the analytic behavior of thes
solutions is illustrated in Fig. 1. WhenQ>Qc , there is only
one solutionj050 corresponding to the minimum ofWeff,1 .
When Q,Qc , there are three solutionsj0 and
j6corresponding to the maximum and minima ofWeff,1 , re-
spectively. Thus the critical valueQc is determined by the
bifurcation point of the functionWeff,1(Q,j) for j50. The
parameterj has the properties of the order parameter in La

FIG. 1. Analytic behavior of solutions to Eq.~7!. For Q
.Qc

(1) , there is only one solution corresponding to the minimum
the free energyWeff,1 . For Q,Qc

(1) , there are three solutionsj6

andj0 corresponding to minimum and maximum of the free energ
respectively. The critical temperature is therefore given by the
furcation pointQ5Qc

(1) .
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dau theory. On the basis of this analysis, a conjecture
proposed@20# that, to any order of the VCE, the critica
temperature is determined by locating the bifurcation po
of the free energyWeff,m , namely, by the condition

]2

]j2
Weff,m~Qc

~m! ,j!uj5050. ~8!

An important remark is in order at this point. Without th
conjecture one can only be sure that in the first-order
proximation,j50 corresponds to a minimum of the functio
Weff,1(Q,j)for Q>Qc

(1) . This presents a difficulty in higher
order calculations of the internal energy. Thatj50 corre-
sponds to an extremum ofWeff,m(Q,j) for any orderm in
the high-temperature regime is understandable because
free energy obtained from the VCE is identical to that fro
the well-known linked-cluster expansion to every order
approximation in the high-temperature limit@28#. For Q
,Qc ; however, the value ofj1 ~or j2) from the first-order
approximation is also employed in higher-order calculatio
and hence leads to a discontinuity in the internal energy. T
is the origin of the so-called ‘‘unwanted first-order pha
transition’’ @29,30#. With conjecture~8!, it is easily shown
that Weff,m(Q,0) remains analytic forQ,Qc

(m) which is al-
ways lower thanQc

(1) . The extremum condition like Eq.~7!
for the first order can be solved for every order. In fact
have approximately solved these equations for a 2D Is
model up tom58 for Q not far belowQc

(m) @31#. OnceQ
becomes less thanQc

(m) , the minimum free energy is char
acterized byj6

(m) . As long as the variational parameter is
chosen that the free energy remains a minimum continuo
across the critical point, there will not be any discontinuity
the internal energy, and hence no first-order phase trans
will appear. On the other hand, ifj50 is assumed in the
low-temperature region, it is found that the free energy d
not show singular behavior and there is no phase transitio
all. Therefore, the conjecture is justified.

As shown in Ref.@20#, one can prove by mathematic
induction that Eq.~8! reduces to

F ]2

]j2
^Sm21&c2

1

m

]2

]j2
^Sm&cG

j50

50, m>2, ~9!

which immediately yields the critical temperature

kBTc
~m!5

1

mF ]2

]j2
^Xm&cY ]2

]j2
^Xm11&cG

j50

, m>2.

~10!

Note thatX5kBTS as defined in Eq.~1! and the energy is in
the unit of J. The cumulantŝ Sm&c are calculated from the
first-order moment

^S0&5 1
2 (

i , j
b i j yiy j

5^S&c , ~11!

with the help of the recursion formula for moments
as

t

-

the

f

,
is

g

ly

on

s
at

^Sp11&05F 1
2 (

^ i , j &
b i j

]2

]j i]j j

1(
^ i , j &

b i j yi

]

]j j

1^S&cG ^Sp&0 ,

~12!

and relations between̂Sp&c and ^Sp&0 whereb i j measures
Ji j in the unit ofkBT, andp is an integer.

III. UNIFORM MAGNETIC FILMS

For a uniform spin system withJi j 5J and j i5j, the
transition temperature has been calculated to fourth orde
films with simple cubic~sc! and body-centered-cubic~bcc!
lattices, and to third order for the fcc lattices@20,21#. It is
found that the coordination number of the lattice is resp
sible for the strong dependence ofTC on the lattice structure
Generally speaking, the results are satisfactory for all th
structures in the sense that they converge quickly to the e
2D result and to the best known 3D values for all three ca
that can be found in the literature. The variation ofTC( l )
with the film thickness is also qualitatively similar for a
cases.

In Fig. 2 we show thatTC( l ) calculated for uniform films
rises too fast as the thickness increases in the dimension
crossover region, namely, whenl changes from 1~2D! to ;6
~nearly 3D! monolayers. This is true for all three lattic
structures. The main reason is the fact that we have assu
the same exchange couplingJi j between nearest neighbo
throughout the uniform film. Near the surfaces of a film
however, the coupling is expected to be somewhat wea
than that in the bulk. As a matter of fact, the exchange c
pling in a thin film may be very different from that in th
bulk. It has been suggested@32# and confirmed@33# that the
surface layer of a ferromagnet follows a spin waveT3/2 law,
but with a surface Bloch parameterbs5asbbulk enhanced by
a factoras52 if the exchange remains homogeneous up
the surface. It has also been shown later that a reduced
change strength in the surface can cause a further enha
ment, resulting inas.2 @34#. Such an enhancement of th
surface spin wave parameter has been observed in re
experiments@35,36#, indicating the reduced exchange co

FIG. 2. Normalized Curie temperature calculated on the Is
model with uniform coupling for fcc films and compared with e
perimental data measured on ultrathin Ni films. The dashed
solid lines representTC for a film with ~111! and ~001! surfaces,
respectively.
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pling in the surface. Furthermore, the intraplane coupling
also expected to be stronger than the interplane couplin
ultrathin films. It is therefore natural to assume that the d
crepancies may be removed by allowing the exchange i
gral to vary.

Let the intraplane and interplane coupling integrals beJi

5aiJ and J'5biJ, respectively. The subscripti labels the
monolayer withi 51for the surface andai5bi51 for i>4.
It is assumed further thatai,ai 11,1 andai.bi . As we
shall discuss later, the normalizedTC( l ) calculated for uni-
form coupling is, in every case, consistent with the finite-s
scaling law, until the number of monolayers in the film r
duces to;10. This implies that the 3D correlation lengthn
starts to lose its meaning forL>10. Thus it appears plausibl
that the exchange coupling in monolayers near the surfac
influenced by the presence of surfaces. It turns out, howe
that the data can be fitted with fewer monolayers affected
the surfaces than expected. This will become clear in S
IV.

IV. FILMS WITH VARIABLE EXCHANGE COUPLING

Since the system is no longer homogeneous, topologic
equivalent graphs cannot be simply grouped together in
graph counting as before. Every term has to be individua
computed. To illustrate the procedure of the calculation,
consider the second-order calculation for a film of 3 M
Following the notation of Ref.@21#, we find

^X&c5~6a116b113a2!Jy2

5D1Jy2, ~13a!

^X2&c5J2@~6a1
216b1

213a2
2!~12y2!21~72a1

2154b1
2

136a2
2172a1b1172a2b1!y2~12y2!#

5J2@D2~12y2!21D3y2~12y2!#, ~13b!

where y5tanhj. The second step in Eqs.~13! defines the
structure factorsDi for i 51, 2, and 3. Inserting Eqs.~13! into
Eq. ~10!, we find immediately that

kBTC
~2!~3!/J5

D32D2

D1

. ~14!

The procedure remains straightforward, but higher-or
calculations now become considerably more involved.
calculatedTC( l ) for a fcc film to fourth order. The fina
expression is rather cumbersome, and hence is not re
duced here. By adjusting the coefficientsai and bi for a
couple of monolayers near the surfaces, excellent agreem
with data can be achieved by gradually decreasing the c
pling strength towards the surface. As a matter of fact,
find that it is sufficient to allow weaker coupling in only th
first two monolayers for~001! orientation. The least numbe
of coefficients that fit the data are posted in Table I. It
interesting to point out that the surface coupling reduct
we find in this fitting is qualitatively consistent with rece
measurements of the enhancement of the spin-wave pa
eter @35,36#.
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Before we discuss the fitting, it is interesting to note fro
Fig. 2 that the data split into two branches depending on
growth surfaces~001! and~111! of the sample. At this point
it is necessary to remark that the interlayer distances
different for the two orientations, and the difference is n
exhibited in the figure in which the abscissa is the numbe
monolayers. It is also worth pointing out that the two sets
Ni~111! data are not distinguishable although the samples
grown on substrates of different symmetries. This may s
gest thatTC( l ) is determined by the common feature of N
film instead of the symmetry of substrates. That the Cu
temperature for a~111! surface is generally higher than th
for a ~001! surface for ultrathin fcc films can easily be un
derstood by considering the coordination number once m
In the case of~111! surfaces, every lattice site of a fcc film
has six intraplane nearest neighbors~nn’s! and three inter-
plane nn’s on either side. On the other hand, both the in
plane and interplane nn numbers are equal to 4 in a~001! fcc
film. The fact thatTC(111).Tc(001)implies thatJi.J' in
thin films, since each coupling bond contributes toTC on
equal footing. When the thickness increases, the excha
coupling becomes isotropic in the central part of the fil
and hence the film behaves like a bulk.

The magnetization of Ni~111! films is in-plane. It is there-
fore more appropriately described by thexy model. The
present formalism is being extended to thexy model for a
calculation ofTC( l ) which will be reported in the future. Fo
ultrathin Ni~001! films, the magnetization is normal to th
plane. The calculated results are plotted along with the d
in Fig. 3. We emphasize that, to our knowledge, up to
present time, there have been only two data points forl>7
available from the four sets of measurements. Because o
reorientation of magnetization observed in fcc Fe films@37#,
the Ising model may not apply to films ofl>7. However, on

TABLE I. Relative strength of the exchange integral in th
neighboring monolayers near surfaces of the Ni~001! film.

Monolayer No. 1 2 3

Relative strength a1 b1 a2 b2 a3 b3

fcc~001! 0.17 0.14 0.66 0.45 1.00 0.76

FIG. 3. Normalized Curie temperature calculated on the Is
model for fcc films with variable exchange coupling and compa
with experimental data measured on ultrathin Ni~001! films.
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the basis of the fact that Ising model and isotropic Heisen
berg model yield almost the sameTC( l ) for l>7 @38#, it is
plausible to assume so because as far asTC is concerned the
thicker film behaves like a 3D bulk.

The transition temperature shift exponentl, which is the
inverse of the 3D correlation length exponentn @39#, can be
found from our theoretical results. The shift exponent is de
fined by

TC~bulk!2TC~ l !

TC~bulk!
5C0l 2l, ~15!

whereC0 is a constant and may be interpreted as the numb
of monolayers under which the Curie temperature vanishe
In Fig. 4~a!, we plot ln@12TC( l )/TC~bulk)]versus lnl for
uniform films of all four cases. It is interesting to note that a
l decreases, the four straight lines are basically parallel wi

FIG. 4. Illustration of the finite-size scaling for films with~a!
uniform coupling and~b! variable coupling.
er

u,
-

-

er
s.

s
th

a common slope which yieldsl51.280. This plot also shows
that all four curves start to deviate from the straight line
aboutL;10. On the other hand, Eq.~15! fails completely for
L<5 if it may be regarded as approximately acceptable
5,L<10. Thus the shift exponent loses its meaning in
dimensionality crossover region in which the finite-size sc
ing law is supposed to be invalid. This also indicates,
some extent, the depth that surface effects can penetrate
the bulk, suggesting the number of monolayers on which
coupling strength is modified by the presence of surface

For magnetic films with variable coupling,TC( l ) pre-
sented in Fig. 3 are inserted into Eq.~15!. The resulting
log-log plot for Ni~001! is shown in Fig. 4~b! along with that
for Ni~111! obtained just by fitting the data. The situation
similar to the case of uniform films. However, the two lin
are straight and parallel forL>15, indicating the wider re-
gion of dimensionality crossover observed in experimen
The shift exponent in this case isl51.439, which implies a
3D correlation length componentn50.695. Therefore it
seems that the concept of finite-size scaling is verified
experiments down to a film thickness of;15 ML. Although
the present calculation cannot claim the universality of
finite-size scaling, there is no indication of any violation ou
side the region of dimensionality crossover for all cases c
sidered.

In conclusion, we have found that the lattice depende
of the absolute Curie temperature is mainly a reflection
the coordination number. The uniaxial nature of Ising mo
has its limitation in applications to realistic samples.
should be of interest to mention that the present theory
be applied to quantum spin films on the isotropic Heisenb
model with no difficulty. A uniform spin film on the isotro
pic Heisenberg model, however, predicts no phase trans
when l 51, and hence cannot account for the data. It is n
essary to include anisotropic interactions arising from lo
dimensional spin fluctuations@40#, which is considered to be
responsible for the ordering@41#. Further research along thi
line is being carried out, and results will be published el
where in the future.
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