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Critical behavior of magnetic films in the Ising model
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The Curie temperatur&c(l)for Ising spin films calculated analytically as a functionlpfthe number of
monolayers in the film, is compared with available data. When the exchange coupling between nearest neigh-
boring pairs is assumed to be uniform, the normaliZedl) is generally higher than what is observed,
especially in the dimensionality crossover region in whigl{l) increases with much too fast. To reproduce
the experimental data measured by various groups on ultrathin Ni filf@0i) orientation, we calculate the
normalized transition temperatufie.(1)/Tc(bulk) to fourth order in the variational cumulant expansion for a
face-centered-cubic lattice with variable anisotropic exchange couplingt is shown that the data can be
very well described by adjusting; for a few monolayers near the surfaces. The results are consistent with the
finite-size scaling law outside the region of dimensionality crossover, providing a clue to the number of
monolayers influenced by the presence of surfa®@5063-651X97)12709-X]

PACS numbes): 64.60.Cn, 75.70.-i, 05.56q

I. INTRODUCTION next-nearest-neighbdnnn) interaction can also be handled
by this theory without difficulty[23]. It is demonstrated in
Advances in material growth technique such asRef.[23]that a slightly weaker interlayer coupling strength
molecular-beam epitaxy and scanning tunneling microscopy, than the intralayed, may result in a significant decrease
have prompted much research in recent years on thin filmsn T.. On the other hand, an inclusion of a rather weak nnn
heterostructures, and superlattices of various crystalline solnteraction can increasg: appreciably.
ids. The study of physical properties of solids as the dimen- When the theoretical transition temperatufg(l) for
sionality reduces is in general not only of fundamental interfilms of a face-centered-cubiécc) lattice from Ref.[21] is
est but also of technological importance. In particular,compared with experimental data measured on ultrathin films
studies of ultrathin magnetic films have revealed a number o6f Ni(001) grown on the C(001) substrate and NL11) on
novel phenomena that would not have been expected in eW(110 and R€0001) [24], it is observed that the theoretical
ther the three-dimensiondBD) or two-dimensional(2D)  T(l) is generally higher than the data. More importantly, it
case[1-6]. Of particular interest is the critical behavior of rises too fast with increasingin the region of dimensional-
magnetic films, from which one can explore and test thety crossover. This is mainly because exchange coupling was
universality hypothesis. assumed in Ref[21] to be uniform throughout the film.
Experimentally, there has been a great deal of work on th&ince the exchange coupling near surfaces is expected to be
measurement of Curie temperatdrg and critical exponents weaker than in the bulk, and the intraplane coupling is gen-
of thin magnetic filmg7-17]. T¢ as a function of the film erally stronger than interplane coupling in a thin film, we
thickness for magnetic materials is reported, and various exzalculateT () of fcc films by allowing variable anisotropic
ponents are investigated. Theoretically, magnetic films andoupling strengths. It is shown that the experimental data for
heterostructures are mostly treated either by numerical studec Ni(001) films can be reproduced. The magnetization of
ies [18,19 or in the mean-field approximatiof6]. A new  Ni(111]) is in-plane anisotropy, and hence is not described by
approach to the critical temperature of Ising films has beethe Ising model.
proposed recently20]. For the first time,T¢(l)was calcu- It has been pointed out in the literature that the cubic
lated analytically to any order of accuracy in the variationalsymmetry of the fcc lattice is broken near the film surface,
cumulant expansiofVCE), wherel is the number of mono- resulting in uniaxial anisotropy, and this effect is stronger the
layers in the film. thinner the film[25]. Thus it may be justified to treat the
The theory is general enough that Ising spin films withultrathin fcc Ni films ofI<6 by the Ising model. In fact it
different lattice structures can be treated as well. It is foundvas argued a long time ago by &lehat the surface-induced
that T depends strongly on the lattice structure due mainlyanisotropy is of the easy-axis typ26]. His conclusion was
to the coordination numbé¢R1]. The larger the coordination supported by numerical calculations on the ground state of
number, the higher the Curie temperature is for the same filniron film on copper substrat¢27], implying that for N{0021)
thickness, which is qualitatively consistent with the well- the magnetization should be normal to the film.
established statement that adding more coupling bonds leads We review the theory in Sec. Il, in which the continuity of
to higher T [22]. The anisotropic exchange coupling and higher-order internal energy at the critical point is also dis-
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cussed. In Sec. Il we discuss briefly how the results obtaine -
for uniform magnetic films can be improved to account for §
experimental data. The modification of the method for the 1ot
treatment of films with variable exchange coupling is out- 5L
lined in Sec. IV, where a comparison of our results with
experiments is also presented.

Il. THEORY
0 .
The actionS for an Ising spin system is i : ®
1o J T
= — _2 islz JZ -6 |
s%(iiy keT s}
! X (1) o
kT

. . . . FIG. 1. Analytic behavior of solutions to Eq7). For ©
where the sum is over nearest-neighbor pairs only. The trial _ ) . : . L
.. >0."”, there is only one solution corresponding to the minimum of
action is assumed to be

the free energWeq,. For ®<®Y, there are three solutiorss,

1 andé, corresponding to minimum and maximum of the free energy,
SOZ_E & SiZ: 2) respectively. The critical temperature is therefore given by the bi-
ST furcation point®@ =0 .

where¢ is introduced as a variational parameter. The parti- m o
tion function for the system is ~\W.— —(S—
y WWo— 2 (5= S)"e
Z=e W
=Wett,m, )
= e where the subscript ). denotes the cumulant average over
the Boltzmann weighe®. The relation between the two av-
s erages of a quantity can most easily be established by a com-
=> &5 SeS > . : ;
parison of the corresponding terms in expansions of Ejs.
S5, and (5).
=Zo(€> o, (33 For simplicity, we consider a uniform spidilm with

Jij=J and§;=¢§. Itis noted that the formalism is completely
Wherbelw stands for(j'ch]s frede energy, and the Boltzmann en'general, and can be applied to Ising systems with different
semble average Is defined as spin values and with spatial dependdpts. The first-order

1 free energy is then

(o= ()expl&iti). (3b) q
o § Wetta= —In(2 coste) — gy + &y, (62
For a noninteracting system, the free energy W
=N In(cosk), where N denotes the number of lattice y=tank¢, (6b)
points. The corresponding partition function is then
where ® =kgT, and d stands for the dimensionality. By

Zo=e o, (30  minimizing the free energy, we find
From Egs.(3), we find the free energy
tanké= 5 ¢, @)

W: WO_ |n<eS_ SO>O
which determines the variational parameter.

1_4_;1 %((S— So)n>o} The solution of Eq(7) depends on the slop@/2d of the

=W;y—1In
° straight line{=¢0/2d, and the analytic behavior of these

1) 21 » solutions is illustrated in Fig. 1. Whe®=0_, there is only

_ — T /a_can one solutionéy=0 corresponding to the minimum 9 ; .

WO+UE:"1 v nZl n! {(5-%) >O} @ When ©<0., there are three solutions§, and
£.corresponding to the maximum and minimaWg ,, re-

by expanding the exponential and logarithmic functions.spectively. Thus the critical valu® . is determined by the

Equation(4) takes a much simpler form by introducing the bifurcation point of the functionWy,(©,¢) for é&=0. The

VCE. Up to the ordem, we have parameteg has the properties of the order parameter in Lan-

©
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dau theory. On the basis of this analysis, a conjecture was ol . - T - . - T
proposed[20] that, to any order of the VCE, the critical ' y
temperature is determined by locating the bifurcation point 09r
of the free energWei; m, Nnamely, by the condition 08
07
2 = osf N §° O Ni(001)/Cu(001), Ref.15 7]
— Weit (O™ )| e=0=0. ) S sl it L o Ni{(0O1)Cu(©01), Ref13 ]
r9§2 ' £ o o Ni(001)/Cu(001), Ref.14 |
O o4p @ v Ni(111)/Re(0001), Ref.12
. o . . . N [/ 2@ A Ni(001)/Cu(001), Ref16 ]
An important remark is in order at this point. Without this 03 o »  Ni(111)W(110), Ref.11
conjecture one can only be sure that in the first-order ap- - Cacuiated 1) y
proximation,£=0 corresponds to a minimum of the function 01 ,© .
Wi 1(0,¢)for =0 . This presents a difficulty in higher- 00 ———% e
order calculations of the internal energy. ThatO corre- LML)

sponds to an extremum &Wex ,(©,£) for any orderm in

the high-temperature regime is understandable because the g 2. Normalized Curie temperature calculated on the Ising
free energy obtained from the VCE is identical to that frommqdel with uniform coupling for fcc films and compared with ex-
the well-known linked-cluster expansion to every order ofperimental data measured on ultrathin Ni films. The dashed and
approximation in the high-temperature linfi28]. For solid lines represent. for a film with (111) and (001) surfaces,
<0.; however, the value of, (or {_) from the first-order respectively.

approximation is also employed in higher-order calculations,

and hence leads to a discontinuity in the internal energy. This 2 9

is the origin of the so-called “unwanted first-order phase (spP+1) = %E Bii +E Bijyi—+(S)c[(SP)o.
transition” [29,30. With conjecture(8), it is easily shown i 9§ (i) 23
that Weg m(®,0) remains analytic fo®<®{™ which is al- (12

(1) . .
ways Iower thar® ;. The extremum condition like Eq7) and relations betwee(E?), and (SP), where 8, measures
for the first order can be solved for every order. In fact we_ . . : . J

Jij in the unit ofkgT, andp is an integer.

have approximately solved these equations for a 2D Ising
model up tom=8 for ® not far below®{™ [31]. Once®
becomes less tha@f:m), the minimum free energy is char-

acterized bye!™ . As long as the variational parameter is so  For a uniform spin system witd;=J and &=¢, the
chosen that the free energy remains a minimum continuouslransition temperature has been calculated to fourth order for
across the critical point, there will not be any discontinuity infilms with simple cubic(so and body-centered-cubidco

the internal energy, and hence no first-order phase transitioattices, and to third order for the fcc latticE®0,21]. It is

will appear. On the other hand, §=0 is assumed in the found that the coordination number of the lattice is respon-
low-temperature region, it is found that the free energy doesible for the strong dependenceTqf on the lattice structure.
not show singular behavior and there is no phase transition @enerally speaking, the results are satisfactory for all three

Ill. UNIFORM MAGNETIC FILMS

all. Therefore, the conjecture is justified. structures in the sense that they converge quickly to the exact
As shown in Ref[20], one can prove by mathematical 2D result and to the best known 3D values for all three cases
induction that Eq(8) reduces to that can be found in the literature. The variation Ted(1)
with the film thickness is also qualitatively similar for all
7o 1P cases.
(9—52(8 de— m &_«§2<S D =0, m=2, 9 In Fig. 2 we show thal (l) calculated for uniform films
£=0 rises too fast as the thickness increases in the dimensionality

crossover region, namely, whérchanges from 12D) to ~6
(nearly 3D monolayers. This is true for all three lattice
structures. The main reason is the fact that we have assumed
the same exchange couplidg between nearest neighbors
throughout the uniform film. Near the surfaces of a film,
(10) however, the coupling is expected to be somewhat weaker
than that in the bulk. As a matter of fact, the exchange cou-
Note thatX=kgTSas defined in Eq(1) and the energy is in  Pling in a thin film may be very different from that in the

the unit ofJ. The cumulantgS™), are calculated from the bulk. It has been suggest¢82] and confirmed33] that the
first-order moment surface layer of a ferromagnet follows a spin wav& law,

but with a surface Bloch parametes= a by enhanced by
a factorag=2 if the exchange remains homogeneous up to

which immediately yields the critical temperature

§_2<Xm>c/ a—2<Xm“>c

T(m)zi
9E? 9E?

B'c m

£=0

(%)Z%Z BijYiYj the surface. It has also been shown later that a reduced ex-
! change strength in the surface can cause a further enhance-
=(S)., (1)  ment, resulting ineg>2 [34]. Such an enhancement of the

surface spin wave parameter has been observed in recent
with the help of the recursion formula for moments experimentd 35,36, indicating the reduced exchange cou-
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pling in the surface. Furthermore, the intraplane coupling is TABLE I. Relative strength of the exchange integral in the
also expected to be stronger than the interplane coupling ineighboring monolayers near surfaces of théoBd) film.
ultrathin films. It is therefore natural to assume that the dis
crepancies may be removed by allowing the exchange inté¥lonolayer No. 1 2 3
gral to vary.

Let the intraplane and interplane coupling integralslpe
=a;J andJ, =b;J, respectively. The subscriptlabels the
monolayer withi = 1for the surface and;=b;=1 fori=4.

It is assumed further that<a;.;<1 anda;>b;. As we Before we discuss the fitting, it is interesting to note from
shall discuss later, the normaliz@(l) calculated for uni- - pig 2 that the data split into two branches depending on the
form coupling is,. in every case, consistent With the fin_ite—sizegrowth surface$001) and(111) of the sample. At this point
scaling law, until the number of monolayers in the film re-j; js necessary to remark that the interlayer distances are
duces to~10. This implies that the 3D correlation length  gitferent for the two orientations, and the difference is not

starts to lose its meaning fér=10. Thus it appears plausible eypibited in the figure in which the abscissa is the number of
that the exchange coupling in monolayers near the surface j§nolayers. It is also worth pointing out that the two sets of

influenced by the presence of surfaces. It turns out, howevefyj(111) data are not distinguishable although the samples are
that the data can be fitted with fewer monolayers affected b)érown on substrates of different symmetries. This may sug-

the surfaces than expected. This will become clear in Se%est thatT() is determined by the common feature of Ni

V. film instead of the symmetry of substrates. That the Curie
temperature for 4111) surface is generally higher than that
IV. FILMS WITH VARIABLE EXCHANGE COUPLING for a (001) surface for ultrathin fcc films can easily be un-

derstood by considering the coordination number once more.

Since the system is no longer homogeneous, topologically, the case of111) surfaces, every lattice site of a fcc film
equivalent graphs cannot be simply grouped together in the,q iy intraplane nearest neighbéns’s) and three inter-

graph counting as before. Every term has to be individuallyane nn's on either side. On the other hand, both the intra-

computed. To illustrate the procedu_re of the c_alculation, Wehlane and interplane nn numbers are equal to 4(B04) fcc
con3|d¢r the secon_d—order calculatlon_ for a film of 3 ML. 1 The fact thatT¢(111)>T.(001)implies that),>J, in
Following the notation of Ref.21], we find thin films, since each coupling bond contributesTtg on
) equal footing. When the thickness increases, the exchange
(X)c=(6a,+6b;+3az)Jy coupling becomes isotropic in the central part of the film,
=D, Jy?, (133 and hence the film behaves like a bulk.

The magnetization of Ni11) films is in-plane. It is there-
fore more appropriately described by thg model. The
present formalism is being extended to thye model for a

Relative strength  a; b, a, b, as bs
fcc(00) 0.17 014 066 045 1.00 0.76

(X?)c=J[(6ai+6bi+3a3)(1—y?)*+(72a7+54b7

+36a2+72a;b,+ 72a,b,)y2(1—y?)] calculation ofT (1) which will be reported in the future. For
ultrathin Ni(001) films, the magnetization is normal to the
=J7[D,(1-y?)2?+Dgy3(1—y?)], (130  plane. The calculated results are plotted along with the data

in Fig. 3. We emphasize that, to our knowledge, up to the
wherey=tanhé. The second step in Eqél3) defines the present time, there have been only two data pointd $or
structure factor®; fori=1, 2, and 3. Inserting Eqé13) into  available from the four sets of measurements. Because of the
Eq. (10), we find immediately that reorientation of magnetization observed in fcc Fe fi[i38],

the Ising model may not apply to films b 7. However, on

kBTg)(S)/J=M. (14) N
D, 10 |-

0.9 | 1

The procedure remains straightforward, but higher-order 08l ]
calculations now become considerably more involved. We o7l L° ]
calculatedT¢(l) for a fcc film to fourth order. The final & [ o ]
expression is rather cumbersome, and hence is not reprc 5,0 05k ;. A Ref 16 1
duced here. By adjusting the coefficierds and b; for a 5 0'4-_ O Ref15 ]
couple of monolayers near the surfaces, excellent agreemer = N ° 2::: 1; 1
with data can be achieved by gradually decreasing the cou osr Theory ]
pling strength towards the surface. As a matter of fact, we 0zr ;
find that it is sufficient to allow weaker coupling in only the Rl P ]
first two monolayers fof001) orientation. The least number 0o - s BT a—— 2'0 s

of coefficients that fit the data are posted in Table I. It is
interesting to point out that the surface coupling reduction
we find in this fitting is qualitatively consistent with recent FIG. 3. Normalized Curie temperature calculated on the Ising
measurements of the enhancement of the spin-wave parafmodel for fcc films with variable exchange coupling and compared
eter[35,34. with experimental data measured on ultrathifQQil) films.

L(ML)
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FIG. 4. lllustration of the finite-size scaling for films witta)

uniform coupling andb) variable coupling.
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a common slope which yields=1.280. This plot also shows
that all four curves start to deviate from the straight line at
aboutL ~10. On the other hand, E¢L5) fails completely for
L=<5 if it may be regarded as approximately acceptable for
5<L=10. Thus the shift exponent loses its meaning in the
dimensionality crossover region in which the finite-size scal-
ing law is supposed to be invalid. This also indicates, to
some extent, the depth that surface effects can penetrate into
the bulk, suggesting the number of monolayers on which the
coupling strength is modified by the presence of surfaces.

For magnetic films with variable couplingic(l) pre-
sented in Fig. 3 are inserted into E(L5). The resulting
log-log plot for Ni(001) is shown in Fig. 4b) along with that
for Ni(111) obtained just by fitting the data. The situation is
similar to the case of uniform films. However, the two lines
are straight and parallel fdr= 15, indicating the wider re-
gion of dimensionality crossover observed in experiments.
The shift exponent in this case is=1.439, which implies a
3D correlation length component=0.695. Therefore it
seems that the concept of finite-size scaling is verified by
experiments down to a film thickness ofL5 ML. Although
the present calculation cannot claim the universality of the
finite-size scaling, there is no indication of any violation out-
side the region of dimensionality crossover for all cases con-
sidered.

In conclusion, we have found that the lattice dependence
of the absolute Curie temperature is mainly a reflection of
the coordination number. The uniaxial nature of Ising model
has its limitation in applications to realistic samples. It
should be of interest to mention that the present theory can
be applied to quantum spin films on the isotropic Heisenberg
model with no difficulty. A uniform spin film on the isotro-
pic Heisenberg model, however, predicts no phase transition
whenl =1, and hence cannot account for the data. It is nec-

the basis of the fact that Ising model and isotropic Heisenessary to include anisotropic interactions arising from low-

berg model yield almost the sarnig(l) for [=7 [38], it is
plausible to assume so because as far @& concerned the

thicker film behaves like a 3D bulk.

The transition temperature shift exponantwhich is the
inverse of the 3D correlation length exponenit39], can be
found from our theoretical results. The shift exponent is de-

fined by

-\

Tc(bulk)—T(1) |
= T=Cyl 7,

Tc(bulk)

dimensional spin fluctuatiorig0], which is considered to be
responsible for the orderifgl]. Further research along this
line is being carried out, and results will be published else-
where in the future.
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